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AIIItrtd-Tests are described on plane frames of mild steel and titanium (oommtrcial PUrft)i) in which higb
intensity short duration pressure pulses were applied transversely to the beam member either uniformly
over this member or concentrated at its center. The objective was to examine applications of two
estimation techniques (upper bounds on deftections andtbe mode approximation technique) for major
response features of pulse loaded structures at large deftel::tions, taking account of strong plastic strain rate
sensitivity, Loads over a range such as to cause final deftections up to about a third of the span were
applied by detonating explosive sheet. Agreement between estimated and measured final dellections was
often very good (generally cOllservative) but the intrinsic error of the mode technique was not observed as
expllCted.

1. INTRODUCTION

The tests described here were part of a research program on estimation techniques for
structures subjected to pUlse loading such that large plastic deformations occur. In particular,
extensions of deftection bound theorems and of the "mode approximation" technique to large
deflections and viscoplastic material behavior are being investigated. The present tests were on
structures in whicb large deflections do not drastically change the stiffness, the response
remaining mainly fleXUral. In tbe same program, tests on fully clamped plates [2} were made,
where the greatly increased stiffness at large deftections contrasts with the slightly decreased
stiffness in tbe present frames.

The tests were designed to study the overall accuracy of tbe two estimation techniques. The
deflection bounds and the deflection and response time estimates furnished by the mode
technique involve two kinds of errors, "intrinsic" errors and further errors due to idealizations
and approximations not essential to tbe method. In the present tests we hoped to assess their
relative importance. The "idealizations and approximations" are almost all regarded as conser~

vative, i.e. leading to deftection magnitudes larger than those expected in tests. These are
discussed further in the concluding section. Full details of the present applications of the
estimation techniques are given in a companion paperfl].

The intrinsic error in the deflection bound technique is, of course, positive, i.e. the computed
deflection is an upper bound. That in the mode method arises from the device used fot'
determining the amplitude of the initial mode form field from the specified initial velocity
distribution. This error is negative if the specified initial velocity field is "more concentrated"
than the mode shape, positive otherwise. In order to compare these, we used two types of
loading, one with a concentrated impulse, the other with a uniformly distributed impulse. For
each loading type, a range of impulse intensities was applied, giving final deflections up to about
a third of the span, the basic measurements being the impulse, final deflected shape, and
strain-time histories at several points. This program was carried out for frames for mild steel
and commercial purity titanium, both having strongly rate sensitive plastic behavior.
Parameters characterizing the material behavior were established by separate tests.

tResearch supported by National Science Foundation under grant ENG14-21258 and by Oflice of Naval Research under
Contract NOOOI4-15-C-i>860.
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2. TEST TECHNIQUES

The two frames and loading types are illustrated in Fig. 1. Both frames have columns 8.0 in.
long and span 12.0 in. long, width 0.750 in. and thickness H about 0.123 in. (steel) and about
0.092 in. (titanium). The frame of type (a) enabled a concentrated impulse to be applied as
indicated in Fig. l(a) to a steel block 0.75 in. by 1.5 in. attached at the midpoint of the span. The
frame type (b) had a uniform beam member, as in Fig. l(b). The feet of the column members
were fixed in slots in a steel block of 3 in. depth, as shown, so as to provide clamped end
conditions. Corners of the frames are shown in sketches of Fig. 2 to indicate the fabrication
techniques. The steel frames used a silver soldered joint with a square brass piece for
reinforcement. The corners of the titanium frames were joined by welding, using titanium as the
weld metal.

Explosive loading was applied by detonating sheet explosive (Dupont Oeta-sheet C) of
nominal thickness 0.08 in. To obtain different impulse magnitudes in the concentrated impulse
tests, varying numbers of layers of explosive sheet were fixed to the central 3/4 in. square area
of the attached block over a 1/4 in. thick pad of Neoprene of the same area. In the distributed
impulse tests, strips of explosive sheet of various widths extended over the length of the beam
member over buffer strips of 1/8 in. Neoprene. The buffer pads act to reduce peak pressures
and reduce local damage. The mass of the pads was very small compared to either the central
mass or the mass of the beam so the effect of their inertia was insignificant.

In each test the total impulse applied was measured by the ballistic pendulum device [3]
sketched in Fig. 3, the specimen base being bolted on one end of the suspended I -beam. The
impulse on the specimen is transmitted through its supporting frame to the pendulum mass. The
pendulum mass is large compared to that of the specimen, and its natural period is long
compared to the duration of the specimen response or of the pressure pulse. Very accurately,
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the impulse I is obtained from the maximum displacement Xm of the pendulum at its mass
center by

1= W21T X
g T m

(1)

where W is the total weight of the pendulum (about 75.8Ib) and T is its natural period (about
3.3 sec).

The impulse calculated from eqn (1) is the correct total impulse on the specimen frame
provided the pendulum is acted on only by forces transmitted through the designated loading
area of the specimen. Shielding is necessary to prevent extraneous impulsive pressures from
reaching the pendulum directly or acting on other areas of the specimen. The main shield was a
1/4 in. steel plate as illustrated in Fig. 2 for the tests with concentrated impulse; for each type
of test an aperture fitted closely the loaded area of the specimen. A second shield of 3/4 in.
plywood also was inserted since the first shield cannot provide a complete seal. The impulse on
the specimen depends not only on the charge weight but on its geometry and on the
configuration adjacent to the loaded area; it may also depend on details of the specimen[4]. We
measured the impulse in each test instead of relying on calibration factors, keeping a plot of
impulse vs charge weight as a rough check.

Information on the time history of the frame response was obtained from wire resistance
strain gages. These were SR-4 gages of 1/4 gage length (type FAE-25-12S6) placed at the tops
of the columns on both sides, with locations as shown in Figs. 1 and 2. In the tests with
concentrated impulse, gages were also placed on the back side of the beam member at distances
ranging from 1/8 to 3/8 in. from the attached block as indicated in Fig. 2. We tried to put
gages on the beam member in the distributed impulse tests, but these all failed as a result of
strong thickness wave effects in these tests. Typical strain records are shown in Fig. 3. Apart
from given strain and strain rate data, two response times were obtained from these records,
namely time If to reach the first maximum, and the time If at which the rising signal intersects a
line drawn at the final strain magitude. Neither of these directly corresponds to the response
time calculated in the mode approximation technique, where rigid-viscoplastic behavior is
assumed, but they are of interest for comparison.

3. MATERIAL PROPERTIES

The mild steel specimens were made from hot rolled carbon steel (Cl008) supplied as strips
1in. by 1/8 in. by 10 ft long. They were used without further heat treatment, being milled to
width 0.750 in. before fabricating the frames. The thickness as supplied showed negligible
variation from the average H = 0.123 in. The titanium frames were made from commercially
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pure (99.2%) titanium (Ti-50A), supplied as a sheet of 4ft width. To make the frames, strips
0.750 in. wide were cut in the longitudinal (rolling) direction, and tensile properties measured in
this direction were used in the analyses. The thickness H varied by about 1% above and below
the average 0.0918 in.

The estimation techniques treat the material as viscoplastic, with behavior in the plastic
range that can be described adequately by an equation of the following form:

( ')1/"'£:'=1+ ~
(To Eo

(2)

wbere (T and Eare stress and corresponding plastic strain rate, respectively, and (Ttl> EO and n. are
material parameters of strain rate sensitivity. (1 is generally taken as the stress at a specified
plastic strain level in test at constant strain rate; however for mild steel we have taken (T as tbe
lower yield stress. The constants (To. EO and n correspond to tbis cboice. Equation (2) generally
provides an excellent fit in a least squares sense for strongly rate dependent metals [5].
(However, it should be noted tbat strain rate history effects are disregarded in this represen
tation.)

Ideally, we should have made tensile stress-strain tests on our materials at strain rates from
quasi-static to magnitudes exceeding those in the tested frames; tbe maximum strain rates in the
tests were probably about 50 sec-I so tests to at least 100 sec-I would have been desirable. To
avoid the expense of tests at high strain rates we made tests with a conventional testing
machine (Instron) at four strain rates from 10-4 to 0.1 sec-I. From each of these tests we
computed a value of (To, using Eo and n values determined from published data on similar
metals. Thus we took Eo = 40 sec-I, n = 5 for mild steel[6,7] and i o= 120 sec-I, n = 9 for
titanium[8]. The determination of these constants is discussed in[5]. Typical stress-strain
curves are shown in Figs. 5 and 6. If the assumed values of Eo, n are valid for our materials, the
measured values of (To would be constant. This was found to be the case for mild steel; the four
strain rate tests on coupons from anyone 10 ft bar furnished an average (To with small scatter
and negligible trend with strain rate. For nine bars from which tested frames were fabricated, (To

varied from 32.0 to 33.8 ksi; the average value 33.1 ksi was used in the calculations. For our
titanium, the four strain rate tests on longitudinal coupons gave (To values which increased
slightly with strain rate, indicating tbat the assumed values of i o and n were less suitable.
However, the r.m.s. deviation from the average 35.2ksi (at 1% plastic strain) was only about
3%. Strain hardening was larger for this material, and was accounted for· approximately in the
estimation techniques by repeating tbe calculation using (To =37.7 bi, corresponding to
measured stresses at 2% plastic strain. Numerical values are summarized in Table 1.
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Fig. 4. Typical strain-time traces.
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4. TEST RESULTS

Examples of final deflected shapes are shown in Figs. 7-10 for the two types of loading a.nd
the two materials; these are typical of large deflection results, with maximum displacement on
the order of a third of the span dimension. The curves were traced from the deformed frame
before removal from the support base. .

The main deflection is that of the midpoint of the beam member, labelled w/, and shown in
Figs. 11, 12, 14 and 15 as a function of the impulse 1. A secondary deflection magnitude is the
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Table 1.

Attached block weight G lb
(including enclosed beam section)

Strain rate constant
1

Strain rate constant l

Strain rate constant
l

Mass density

Total span type (a)

type (b)

Width of attached block
(type (a) frame)

Column height

Thickness

Width

a osi
o

-1
£ sec

o

n

2L
1

+ 2a in.

2L
1

in.

2a in.

L
2

in.

H in.

bin.

Steel frames Titanium F!'ames

33,100
2

35,200 3 at D : 1%E'

37,7003 at ED : 2%

40 120

0.73 x 10-3 -30.42 x 10

12.00 12.00

12.00 12.00

0.75 0.75

8.00 8.00

0.123 0.092

0.750 0.750

0.21 0.21

lAs used in Eq. (2).

2Lower yield stress; average for nine bars, from four strain rates for each bar.

3Lonr.itudinal (rollin~) direction.
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Fig. 7. Typical final shape at large deflection-steel.

Fig. 8. Typical final shape at large deflection-steel.

inward motion of the corner, marked ui in Figs. 7-10. This is shown in Figs. 13 and 16 as
function of 1. The quantity plotted is the average for the two comers, the deformation being
slightly unsymmetric in some cases. The test data are summarized in Table 2.

In Figs. 17 and 18 are shown the measured response times t;' and t; plotted vs impulse. As
illustrated in Fig. 4, tj is the peak response time and t'J is the time at which the final strain
magnitude is first reached; i.e. it is the intercept of a line drawn at the final strain level with the
rising strain signal. In the tests on titanium frames, strain records were obtained mainly from
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Table 2.

STEEL FRAIlES
Final Time to

Final Deflec- Reach
Deflec- tion Top Max. Inter-

Thicl<- Charge tion at of Column Strain cept
Test Bar ness "0 Wei/lht Impulse Center f tf·sec.

Tillie
No. No. ~ ksi ~ ~ w~ in. ~ in. til II sec

Concentrated Impulse

62 5 0.123 33.3 2.1 0.5112 1.70 0.31 7.0 11.5

63 5 0.123 33.3 2.6 0.61 2.03 0.1130 7.8 5.11

65 II 0.123 32.0 1.3 0.303 0.52 0.0117 11.0 2.0

66 8 0.123 33.8 1.6 0.110 0.83 0.0911 5.0 3.0

68 6 0.123 33.5 11.2 0.75 3.52 1.18 10.0 6.11

69 6 0.123 33.5 3.7 0.71 3.06 0.89 9.0

612 9 0.123 33.11 3.11 0.715 2.90 0.811 9.0 6.0

613 3 0.123 33.15 2.8 0.66 2.59 0.68

Unif'orm Impulse

610 0.123 33.1 2.11 0.505 1.125 0.15 11.0 2.0

611 7 0.123 33.1 3.65 0.79 2.83 0.78 6.5 11.2

Slll 9 0.123 33.11 3.1 0.70 2.23 0.49

TITAN ruM FRAMES

Concentrated Impulse

Tl 0.0911 35.0* 1.16 0.311 0.6 0.03 6

T2 0.0913 35.0 2.1 0.56 3.09 0.92 8 2 (7)

T3 0.0928 35.0 2.2 0.575 3.25 0.911 2 (7)

Til 0.0927 35.0 1.65 0.1192 2.03 0.111 7 2 (7)

T5 0.0902 35.0 2.6 0.66 5.12 2.311 8.5 3 (7)

T9 0.0925 35.0 1.11 0.117 1.83 0.33 7 2 (7)

Tl2 35.0 1.2 0.355 0.68 0.03 6.5 2 (7)

Uniform Impulse

T6 0.0905 35.0 2.6 0.623 7.56 11.112

T7 0.09111 35.0 1.11 0.323 1.311 0.20

T8 0.0920 35.0 2.0 0.1166 3.311 0.95

T11 0.0894 35.0 1.7 0.336 1.80 0.311

*At 1 percent strain I for 2 percent strain "0 • 38.0 ksL
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gages at the tops of the columns. At these locations the plastic strain is relatively small, and the
record does not furnish the intercept time ti accurately. Hence in Fig. 18 test results are shown
only for the peak response time ti for the concentrated mass tests. The gage records showed a
plateau rather than a distinct peak; ti was taken as the time when this was first reached. For the
tests with uniform impulse, meaningful determination of either time did not seem possible,
probably because of strong elastic effects.
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The most informative strain gage records were obtained for the steel frames with central
mass. In these tests, the gages near the top of the columns registered strain rates of 5-10 sec-I
and permanent strains of 0.5-1.2% over the range of impulse values. The response of gages
attached near the central mass depended critically on the exact location of the gage since the
plastic straining was very localized. For test number 12 shown in Fig. 7 (I =O.7151b sec) a
strain gage placed 118 in. away from the edge of the central mass indicated a strain rate of
30 sec-I and a permanent strain of about 3%. These seem to be close to the maximum strain
rates and strains experienced by the frame specimens in these tests.

5. DISCUSSION

We are interested in comparing the measured deflections with upper bounds on the
deflections, and the test deflections and response times with the approximate final deflections
and durations obtained from the mode approximation technique. Details on this technique
appear in a companion paperU]. Here we compare the test results with those of the estimation
techniques with particular attention to indications concerning the errors in the two approaches.

As already noted, we can distinguish between intrinsic errors and those due to further
approximations and idealizations. In the bound approach, the intrinsic error arises from the
substitution of a problem of static equilibrium for the original dynamic one; use of the theorem
of minimum potential energy makes the intrinsic error positive, Le. furnishes an upper bound.
In the mode approach, the intrinsic error arises from the technique used to determine the
magnitude of the initial mode velocity field from the initial velocity field. This gives the relation
between the initial mode velocity amplitude wa. and prescribed initial velocity we

o; their
ratio is less than one for the concentrated impulse and greater than one for the uniformly
distributed impulse. Thus the intrinsic error of the mode method is negative (underestimates
deflections) in the first case and positive (overestimates deftections) in the second.

If all the conditions underlying the estimation techniques were exactly satisfied, the
comparison with test results would show the intrinsic error only. Figures 11 and 12 for steel
frames would show test points above and below, respectively, the curve for the mode
approximation (for finite deflections). Similarly Figs. 14 and 15 for titanium frames would show
the test points above and below, respectively, the mode approximation curve. The actual test
results do not show these relations consistently. Figures 11 and 12 do seem to be in fair
agreement with expectations based on the intrinsic error, since in Fig. 11 the test deflections lie
slightly above the estimated curve, and in Fig. 12 they are essentially on it. However, Figs. 14
and 15 (for titanium frames) show the opposite relations. For concentrated loading the observed
deftections are too small, while for the distributed impulse tests they are only slightly below or
on the curve for 0'0 =35 ksi, and on or above the curve for 0'0 =38 ksi. The two estimation
curves are drawn in these figures as a way of taking rough account of strain hardening, which
is more pronounced in titanium than in steel; the two values correspond to plastic strain 1% and
2%, respectively, in the determination of 0'0 from the strain rate tests. Agreement is better if
0'0 = 38 ksi is used, but the relation of test to estimated deflections remains opposite to what
would occur if the intrinsic error dominated.

Explanations for this behavior must be sought by considering other errors in the application
of the mode technique than the intrinsic error so far considered. For this calculation (and for
the deftectionbound as well) a number of idealizations were made, particularly with respect to
material behavior. These are listed below:

(1) Elastic deformations were neglected.
(2) Plastic strain rates were written as explicit functions of stresses, with implicit consi

deration of strain hardening.
(3) Strain rate history effects were neglected.
(4) A homogeneous viscous stress-strain rate representation (without yield condition) was

used in place of a homogeneous viscoplastic law, making use of matching technique[5, 9].
(5) Essentially flexural behavior was assumed, the center-line strain being assumed zero,

and axial forces disregarded in the constitutive equations (treated as reactions).
(6) The pressure pulse was idealized as impulsive, i.e. as a finite impulse with zero duration.
(7) In the extended mode technique, "instantaneous" mode form solutions were found
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appropriate to the current deflection field, and a succession of such solutions was made
continuous only with respect to the major deftection.

(8) The numerical determination of the static solution in the bound method and of mode
form solutions in the mode technique was carried out by iterative schemes.

Arguments can be made [1] that almost all of the idealizations or approximations listed above
lead to positive errors, i.e. to estimated deflections exceeding the actual ones. The neglect of
axial forces in the yield condition, item (5), may be an exception; assuming center-line axial
strain zero is equivalent to assuming a stronger structure than the actual one. However it is not
dear whether requiring the deformation to be absorbed entirely by flexural deformations should
lead to larger or smaller magnitudes of the major deflection. The constraints are not ones that
require center-line strains to occur even at very large deflections. This idealization was believed
to cause negligible error, but no direct check of this is available. Similarly, the numerical
determination of instantaneous mode form solutions by iterative schemes is believed very
accurate in the present cases, since convergence was rapid throughout. The neglect of plastic
strain rate history is believed to cause a positive error, but the experimental evidence (mainly
from tests in which the strain rate is rapidly increased) is very slight.

The inftuence of elastic deformations, neglected in the constitutive equations used, is
difficult to assess. A rule-of-thumb energy criterion for validity of this neglect is a large value of
the ratio of input energy to a measure of the elastic strain energy capacity of the structure. If
this ratio R is greater than about 6 in a simple one-degree--of-freedom model, the neglect of
elastic effects causes a positive error of about 15%. If this holds in the present frame structures,
the impulse should exceed about O.451b-sec in the tests with concentrated impulse and about
O.2SIb-sec in those with distributed impulse; the required impulse is marked on Figs. 11, 12, 14
and 15. The importance of elastic effects as indicated by this energy criterion appears
essentially the same for both the steel and the titanium frames. The tests on titanium frames
with concentrated impulse in Fig. 14 do show exactly the relation to the estimated deftection
curves (for large displacements) that one would expect if the main discrepancies are due to the
neglect of elastic deformations. The steel frames under concentrated impulse (Figs. 11) show
similar trends, but the test points fallon the estimated deftection curve at small impulse
magnitudes, and lie above it at higher impulses (rather than approaching the calculated curve
from below).

The measurements of final inward displacement at the two corners (averaged for each
frame) are shown in Fig. 13 (steel) and Fig. 16 (titanium). Comparison of these secondary
deflection magnitudes with those predicted by the extended mode technique is of interest
because this deflection is zero according to the mode technique for small deflections. The mode
technique predicts these deflections reasonably well at the larger impulse values.

A possible "experimental" error, which could cause the steel test frames to deflect more
than expected, is a weakening at the comers where the beam member is silver-soldered to the
two columns. This seems unlikely, however, since silver soldering requires fairly low tempera·
tures, and the joints are strengthened by brass blocks as shown in Fig. 2. Moreover, static
tests[lOJ on steel frames fabricated in the same way failed to show weaker behavior, when
loads at first yield, first hinge development, and plastic collapse were compared with the
calculated loads using yield stress measured at strain rates approximating those of the frame
tests (about 10-3 sec-I). This explanation also must be rejected.

In conclusion, it can De said that the deflection upper bounds are verified by the tests, and
that the extended mode approximation method leads to deflection estimates close to those
observed in the tests on steel frames, and below or close to those measured in the tests on
titanium frames. Corroboration was not obtained of the intrinsic error of the mode technique,
and further investigation of the various additional sources of error is required. However, the
closeness of predicted to test results suggests that practical use of the approximation tech
niques can be made before such investigations are completed.
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